In this paper we investigate possible extensions of the idea of geodesic completeness in complex manifolds, following two directions: 'metrics' are meant to be complex-holomorphic (or meromorphic) symmetric sections of the doubly covariant holomorphic tensor bundle, somewhere allowed not to be of maximum rank, and geodesics are defined on Riemann surfaces which are domains over regions in the complex plane. In this setting the notion of meromorphic metric connection is introduced. Completeness theorems are given about two and three dimensional complex manifolds.
Analytic continuation
In this section we briefly generalize the notion of analytic continuation regarding holomorphic functions with values in general complex manifolds: this setting is completely analogous to classical complex analysis, thus proofs will be omitted; the reader could refer to [CAS] or [SPR] .
We generalize also the notion of path, to be defined on one dimensional complex manifolds, instead of real ones, that is to say open intervals.
Definition 1 Let M be a connected complex manifold: a path element in M is a pair (U, f ), where U is a connected open set in C and f a holomorphic function defined on U with values in M . Two function elements (U, f ) and (V, g) in M may be connected if there exists a finite sequence (U 0 , f 0 ) , (U 1 , f 1 ) , .... (U n , f n ) such that (U 0 , f 0 ) = (U, f ), (U n , f n ) = (V, g); for every j = 0, ...., n − 1, there holds U j U j+1 = ∅ and f j+1 | U j U j+1 = f j | U j U j+1 .
Definition 2 A quintuple Q M = (S, π, j, F, M ) is an analytic continuation (resp. a regular analytic continuation) of a function element (U, f ) in M if S is a connected Riemann surface, π : S −→ C is a nonconstant holomorphic map (resp. an everywhere regular holomorphic map) such that U ⊂ π(S), j : U −→ S is a holomorphic (hence open) immersion such that π • j = id| U , F : S −→ M is a holomorphic mapping such that F • j = f . A morphism between two analytic continuations
of the same element (U, f ) is a holomorphic mapping h :
Remark 3 Since each analytic continuation is regular outside a discrete set, we could see it as a regular analytic continuation plus some points p ′ s. Due to the fact that π is not regular at each p, there is no function element containing π(p) which may be connected with the other ones; notwithstanding, F may be holomorphically extended at p. Moreover,a morphism between two analytic continuations is a nonconstant (in particular open) mapping, univocally determined on j(U), hence everywhere on S, by j ′ •j. Eventually, there holds π ′ • h = π and F ′ • h = F on j(U), hence everywhere on S.
The only existing morphism betwixt one analytic continuation and itself is the identity mapping; the composition of two morphisms is still a morphism; if a morphism admits a holomorphic inverse mapping, this is again a morphism: in such a case we talk about isomorphisms of analytic continuations. A morphism h transforms a Riemann surface S into another, S ′ , which is 'larger' if h is injective, or which is less sheeted on U than S otherwise.
Therefore, going forward along morphism we should find larger and larger analytic continuations, or less and less branched ones.
Definition 4 A (regular) analytic continuation Q M = S, π, j, F , M is the (regular) Riemann surface, or the (regular) maximal analytic continuation of the element (U, f ) if for every (regular) analytic continuation Q M = (S, π, j, F, M ) of (U, f ) there exists a morphism h : S −→ S ′ .
Two (regular) Riemann surfaces of the same function element must be isomorphic, since they admit morphism one into each other, hence the maximal (regular or not regular) analytic continuation of a function element is unique up to isomorphisms. [CAS] , par (5.6.1) through (5.6.6))
Lemma 6 Let M and N be complex manifolds,
there exists a holomorphic function h :
Proof: we should merely note that R, π R , j R , G • F R , N is a continuation of (U, G • f ) in N , hence the existence of h is postulated by definition 4.
Let's now turn to define complex holomorphic paths: let M be a connected complex manifold: in the continuation, abusing language but following Wells (see [WEL] ), we shall name T M (resp.T ⋆ M ) its holomorphic tangent (resp. cotangent) bundle and, more generally, T s r M its holomorphic r-covariant and s-contravariant tensor bundle.
As usual, Π: T s r M −→ M will appoint the natural projection. Let now E be a hypersurface in M , N another connected complex manifold and F ∈ H(M , N ).
; if E = ∅ we are dealing with holomorphic sections of (holomorphic) tensor bundles.
, where S is a connected Riemann surface, π: S −→ V ⊂ C is a branched covering, with set of branch points P ;,
We are now turning to define the velocity field of a path Q M , as a suitable meromorphic section over F of the holomorphic tangent bundle T M .
To achieve this purpose, we need to lift the vector field d/dz on C with respect to π.
Of course, in general, contravariant tensor fields couldn't be lifted. Notwithstanding, we may get through this obstruction by keeping into account that C and S are one dimensional manifolds and allowing the lifted vector field to be meromorphic: these matters are fathomed in next statements.
Lemma 9 there exists unique a P -meromorphic vector field on S such that, for every r ∈ § \ P ,
Proof: at first let's lift the 1-form dz with respect to π, and get a holomorphic 1-form ω on S; for every p ∈ P , if N is the multiplicity of π in p, ω is vanishing of order N − 1 at p , that is, there exists a neighbourhood Z of p such that for every never vanishing holomorphic vector field Ξ on Z, ω(Ξ) is a holomorphic function on Z, vanishing of order N − 1 at p. Now, for any atlas A = (Z i , ζ i ) i∈I on S let ω(ζ i ) be the holomorphic function such that ω = ω(ζ i ) dζ i on Z i and consider the collection of meromorphic functions and domains in S yielded by (1/ω(ζ i ), Z i ).
The above collection defines in fact a holomorphic vector field Θ on S \P , since, on overlapping coordinate systems ζ and ζ in S \ P , there holds
Now define d/dz = Θ on S \ P : the P -meromorphic behaviour could be seen after the local definitions in (1).
In particular, the above construction shows that d/dz is polar of order N − 1 in p.
The uniqueness of d/dz as a meromorphic vector field follows from its uniqueness as a holomorphic vector field in a neighbourhood of a regular point of π in S.
Definition 10 A finite-velocity point of a path Q M = (S, π, j, F, M ) is a point r ∈ S such that d/dz is holomorphic at r.
We are ready to define the velocity field: let at first be r a finite-velocity point of Q M ; since d/dz is holomorphic at r, we could define the holomorphic velocity at r as V r = F ⋆ ( d/dz)| r .
Lemma 11 The mapping
Let's show the meromorphic behaviour of V : if p ∈ P there is a neighbourhood U of p such that, for every local chart ζ: U −→ C w there exist functions f, g ∈ H (ζ(U)) such that
• a path element [LEB] ). Proof: let p ∈ M and (U, Ψ) a local coordinate system containing p such that:
it satisfies all required conditions.
Definition 17
• A holomorphic Riemannian manifold is a complex manifold endowed with a holomorphic metric;
• A nondegenerate holomorphic Riemannian manifold is a complex manifold endowed with a nondegenerate holomorphic metric;
• A meromorphic Riemannian manifold is a complex manifold endowed with a meromorphic metric.
Examples
(a) We could endow C m with the metric m i=1 dz i ⊗ dz i : such a metric structure is holomorphic, everywhere nondegenerate.
(b) 'Warped products': let (M , Λ) and (N , H) be meromorphic Riemannian manifolds, F ∈ M(M );
be the canonical projection of their Cartesian product: then
Let H a noncostant doubly periodic function on C: then H(z)dz ⊗ dz defines a meromorphic metric on C, which may be clearly pushed down to the quotient torus.
(d) Vice versa, a holomorphic metric on the torus C/(a, b) defines a doubly periodic holomorphic function on C with periods a, b, hence a constant function. This proves that the only holomorphic metrics on tori may be identified with complex constants.
(e) Symmetric product of 1-forms: let ω 1 and ω 2 be holomorphic (resp. meromorphic) 1-forms: then
is a holomorphic (resp. meromorphic) metric. Symmetric product is commutative and distributive with respect to sum, but in general, not associative.
(f) It is a consequence of general theory that CP N does not admit any holomorphic metric, whereas carries meromorphic ones defined e.g. on
The meromorphic behaviour of one of these metrics holds by definition at points in C N ; proving it at points in CP N \ C N is matter of straightforward calculations.
Let now (M , Λ) be a Riemannian meromorphic manifold, whith exceptional set E and degeneracy one D. Let p be a regular point in M , U ⊂ M \ (D E) be one of the open neighbourhoods of p, X (U) be the Lie algebra of the holomorphic vector fields on U, H (U) the ring of holomorphic functions on U.
Definition 18 A holomorphic metric connection in U is a mapping
If we have to emphasize the open set U in definition 18 we shall write
As a consequence of classical results in differential geometry (see e.g. [ONE] 
for every X, V, W ∈ X (U).
hence we could give the following Definition 20 The metric connection of (M , Λ) is the collection
Definition 21
The Christoffel symbols of a coordinate system
on an open set U ⊂ M are those complex valued functions, defined on U \ F such that
We state without proof:
Remark 23 In lemma 22 (b) {g ab } is the inverse matrix of the representative matrix of the metric in the coordinates Z; moreover summation with respect to the repeated index k is understood.
Remark 24 We see that Christoffel symbols are in fact F -meromorphic functions on U, hence we say, by lemma 22 (c), that the metric connection is 'F -meromorphic', that is to say, it transforms pairs of holomorphic vector fields in neighbourhoods of points in F into F -meromorphic ones.
Let now Q M = (S, π, j, γ, M ) be a path in M , P be the set of branch points of π, r ∈ S a finite-velocity point of Q M , r ∈ S\P be a finite-velocity point of Q M , V ⊂ S \ P be a neighbourhood of r such that γ (V) ⊂ M \ F , H (V) be the ring of holomorphic functions on V and X γ (V) the Lie algebra of holomorphic vector fields over γ on V.
Just as in real differential geometry (for a proof see e.g. [ONE] pag 65 prop 18) we have Proposition 25 There exists unique a mapping 
Remark 27 We may say that ∇ is P -meromorphic: indeed the coordinate form of the induced covariant derivative is
Definition 29 The acceleration of Q M is the meromorphic field on Q M yielded by the induced covariant derivative of its velocity field:
Definition 30 The speed of a path is the 'amplitude' function of its velocity field:
A path is null provided that its speed is zero everywhere. As a consequence of the general theory (see e.g. [HIL] , theorem (2.2.2)) we state the following Theorem 34 For every regular point p ∈ M and every holomorphic vector
Remark 33 The local equations of elements of geodesics
moreover, β is 'unique', in the sense that for every neighbourhood U of z 0 and every element of geodesic (U, γ) such that γ(z 0 ) = p and γ
3 Completeness theorems in maybe degenerate settings
Our aim in this section is to show that maximal null geodesics in a holomorphic two dimensional compact Riemannian manifold (M , Λ), with metric possibly degenerate on a holomorphic smooth hypersurface D, are complete.
Lemma 35 Let
• W be a nonempty simply connected open set in C w and F : W −→ C a holomorphic funtion, not vanishing everywhere;
• z 0 ∈ C z , w 0 ∈ W , with F (w 0 ) = 0;
• A be a nonzero complex constant;
• (U 0 , β), with U 0 small enough, but otherwise arbitrary, the 'unique' W -valued holomorphic function element yielded by solving the Cauchy problem
• (U, γ) be any W -valued function element chosen amongst the analytic continuations in W of (U 0 , γ);
• Q W = S, π, j, γ, W the Riemann surface in W of the element (U, γ), or which is the same, of (U 0 , β);
then, for every sequence {z n } ⊂ U such that z n −→ τ and γ (z n ) −→ ℘ ∈ W , there holds τ ∈ π S .
Proof: consider the holomorphic function H :
F (η) dη and the Riemann surface S = {(z, w) ∈ C × W : H (z, w) = 0}. Consider also the mapping j : U −→ S defined by setting j(z) = (z, γ(z)): we claim it is a holomorphic immersion. Indeed, since γ is W -valued, F • β could be continuated up to F • γ everywhere on U: the same holds for β ′ which could be continuated to γ ′ , thus F (γ(z)) γ ′ (z) = A everywhere on U. Integrating we get
which proves the asserted. Since π| 1 • j = id| U , if π 1 and π 2 are the canonical projections of C 2 on its factors, it is easily shown that
is a continuation of (U, γ), that is to say of (U 0 , β). Now, (τ, ℘) = lim n→∞ (z n , γ (z n )) , therefore, by continuity, H (τ, ℘) = 0, i.e. (τ, ℘) ∈ S.
Eventually, introducing the natural morphism h : S −→ S, we have that π • h = π 1 | S , so τ ∈ π S . u,v) , with 0 ∈ Z, be a nonempty simply connected open set, k, l, n ∈ N, m ∈ N + , E, F, G, H never vanishing holomorphic functions on Z such that
Lemma 36 Let
Then (A): for every point (0, ν) ∈ {0} × C there exist a neighbourhood P of (0, ν); and a (complex) coordinate system (x, y) on P such that (x, y) P is a bidisc around (x, y) (0, ν) such that for every point (ξ, η) ∈ P \ ({0} × C) and every nonzero null holomorphic vector N (ξ,η) ∈ T (ξ,η) Z there exist a holomorphic function σ of one complex variable, not vanishing everywhere, complex constants A, B and a neighbourhood U 0 of z 0 , such that the local equations of the elements (U 0 , β) of null geodesics, (for both of the metric tensors Λ 1 and Λ 2 ), z 0 -starting at (ξ, η) ∈ P \ ({0} × C), with velocity N (ξ,η) are, in (x, y)-coordinates:
(B): let (U, γ) be a geodesic path element which is a continuation of (U 0 , β) in P and Q P = S, π, j, γ, P the Riemann surface of (U, γ) (or, which is the same, of (U 0 , β)) in P ; then for every sequence {z n } ⊂ U such that z n −→ τ and γ (z n ) −→ ℘ ∈ P , we have τ ∈ π S . Proof of (A): since E and H are never vanishing on Z, they admit holomorphic square roots which we name √ E and
We have thus
This fact defines two holomorphic, never vanishing, null vector fields on Z:
Now we introduce the (induced) covariant derivative consistent with the fact the metric under consideration is Λ 1 or Λ 2 : abusing language we designate both of them by ∇ β ′ . Consider 'the' elements of geodesics (U 0 , β) got by solving the following Cauchy problems:
, where the location of the initial point (ξ, η) and the width of U 0 are at our disposal for a while. Since N (ξ,η) ∈ T (ξ,η) M is a nonzero holomorphic null vector, it should be a multiple of V 1 (ξ, η) or V 2 (ξ, η); let's suppose the second case holds: the first should be dealt with analogously. We can set up a local coordinate system (P, (x, y)) around (0, ν) such that ∂/∂x = V 2 in P : moreover, perhaps shrinking P we might suppose that (x, y) P is a bidisc around (x, y) (0, ν). Now let's suppose, as in the statement of this lemma, that (ξ, η) ∈ P . It is easily shown that β ⋆ | z 0 = 0, hence there exists a null holomorphic vector field N on a neighbourhood Z ′ of (ξ, η) in P which 'extends' β ′ = V (Q P ), that is to say N(β(z)) = V (Q P ) (z) for every z ∈ U 0 : hence, in particular, β is one of the integral curves of N. Now there exists κ ∈ C \ {0} such that N (ξ,η) = κV 2 (ξ, η); perhaps shrinking Z ′ , we could construct a never vanishing holomorphic function φ on Z ′ such that φ| β(U 0 ) = κ and N = φV 2 on Z ′ . In (x, y)-coordinates we could write down N = φ (∂/∂x), so that y •β is constant on U 0 ; setting y •β(z 0 ) = B furnishes us with one of the complex constants promised in the statement. Forasmuch as the representations of the metrics Λ 1 and Λ 2 in (x, y)-coordinates are, for suitable holomorphic functions S and T :
we deduce the equations of β for Λ 1 :
and Λ 2 :
As far as Λ 1 is concerned, set
Maybe restricting U 0 we could select a holomorphic branch of the logarithm on a neighbourhood of x • β (U 0 ) and rearrange the first equation of (♯) in the following way:
When the matter is Λ 2 , instead, set λ = x (ξ, η) , σ(x) = u m (x, B) S (x, B) , K = dx N (ξ,η) , A = K σ (λ) and rearrange the first equation of (♯♯) in the following way:
Therefore, keeping into account different choices in the meaning of the symbols, depending on the fact the metric under consideration is Λ 1 or Λ 2 , the equations of β are:
Proof of (B): since y • β is constant on U 0 , by analytic continuation, y • γ is constant on U. Thus we have that y • γ is constant on j(U), hence on S.
From ♠, understanding by the reasoning above the equation y = B, we get by analytic continuation
Moreover, since A = 0 and (x, y) P C × {B} is nonempty (it contains (λ, B)) and homeomorphic to a disc in the complex plane, we may apply lemma 35 with W = (x, y) P C × {B}, F = σ, A and z 0 as in part (A) of this lemma, w 0 = x (ξ, η), (U 0 , x • β) and (U, x • γ) from part (A) of this lemma taking place of (U 0 , β) and (U, γ), respectively.
The following lemma deals with the situation in which the metric degenerates in such a way that its determinant in canonical coordinates is odd-order vanishing. u,v) , with 0 ∈ Z, be a nonempty simply connected open set, k, l, m ∈ N, n ∈ N + ;
Lemma 37 Let
• E, F, G, H never vanishing holomorphic functions on Z such that
there exist a neighbourhooď P of (0,ν) and a (complex) coordinate system (x, y) onP such that (x, y)P is a bidisc around (x, y) (0,ν) such that for every point ξ ,η ∈P \({0} × C) and every nonzero holomorphic null vectorŇ (ξ,η) ∈ T (ξ,η) (Θ −1 Z) there exist a holomorphic function σ of one complex variable, complex constants A, B and a neighbourhood U 0 of z 0 such that the local equations of the element U 0 ,β of null geodesic for Θ ⋆ Λ, z 0 -starting at ξ ,η ∈P \ ({0} × C), with velocityŇ (ξ,η) are, in (x, y)-coordinates:
be a geodesic path element for Λ which is a continuation of (U 0 , β) in P ((C \ (R + {0})) × C) and Q P = S, π, j, γ, P be the Riemann surface of (U, γ) (or, which is the same, of
Then for every sequence {z n } ⊂ U such that z n −→ τ and γ (z n ) −→ ℘ ∈ P , we have τ ∈ π S . Proof of (A): since
lemma 36 may be applied to Θ ⋆ Λ taking place of Λ 2 , with (ǔ,v) instead of (u, v), l + 1 instead of l, 2m + 2 instead of m, 2n − 1 instead of n, 2k − 2 instead of k.
Proof of (B): since γ(U) ⊂ (C \ (R + {0})) × C, we could find a neighbourhood H of γ(U) such that Θ −1 (H) is made up by two disjoint connected componentsȞ 1 andȞ 2 . Now Θ|Ȟ 1 is biholomorphic, in fact, isometric, hence U 0 , Θ|Ȟ 1 −1 • β is a geodesic path element for Θ ⋆ inP . Now we may apply lemma 36, part (B) to:
• the Riemann surface QP = Š , π, , γ,P of U 0 , Θ|Ȟ 1 −1 • β inP ;
• the sequence {z n } ⊂ U, which is such that Θ| (Ȟ 1 ) −1 • γ (z n ) converges inP , say to℘, concluding that τ ∈ π Š .
On the other side, it is easily seen that Q P = Š , π, , Θ • γ, P is a continuation of (U 0 , β) in P hence there exists a holomorphic function h : Š −→ S such that π • h = π, so τ ∈ π S . By the following lemma, which we state without proof (analogous to that of lemma 36), we deal with a metric which is nondegenerate in a suitable neighbourhood: (u,v) , with 0 ∈ Z, be a nonempty simply connected open set, E, F, G, H holomorphic functions on Z, with E and H never vanishing, such that
for every point (µ, ν) ∈ Z there exist a neighbourhood P of (µ, ν) and a (complex) coordinate system (x, y) on P such that (x, y) P is a bidisc around (x, y) (µ, ν) such that for every point (ξ, η) ∈ P and every nonzero null holomorphic vector N (ξ,η) ∈ T (ξ,η) Z there exist a never vanishing holomorphic function σ of one complex variable, complex constants A, B and a neighbourhood U 0 of z 0 such that the local equations of the element (U 0 , β) of null geodesic, z 0 -starting at (ξ, η), with velocity N (ξ,η) , are, in (x, y)-coordinates:
(B): let (U, γ) be a geodesic path element which is a continuation of (U 0 , β) in P and Q P = S, π, j, γ, P the Riemann surface of (U, γ) (or, which is the same, of (U 0 , β)) in P ; then for every sequence {z n } ⊂ U such that z n −→ τ and γ (z n ) −→ ℘ ∈ P , we have τ ∈ π S . Now we state and proof the main results of this section: in theorems 39, 40 and corollary 41, D will be a smooth holomorphic hypersurface in M . Proof: π S is open; let's show it is also closed.
To this end let τ ∈ bd π S . Now there exists a geodesic function element (U, γ) such that τ ∈ bd (U) and its Riemann surface is just Q M .
Due to the compactness of M , we can set up a sequence {z n } ⊂ U, such that z n −→ τ and γ
Let's distinguish two cases: (a): ℘ ∈ D; we can set up a neighbourhood Z of ℘ and a coordinate system Ψ :
we can also find never vanishing holomorphic functions E, F, G, H on Z and positive integers k, λ, n such that there holds:
if λ is even we apply lemma 36, part (A), with Λ instead of Λ 1 , l = λ/2; if if λ is odd we apply lemma 37, part (A), to Λ, with l = (λ − 1)/2 and m = 0. The meaning of symbols in the following has to be the same introduced in each one of those lemmata; recall in paricular that P is a suitable neighbourhood of (0, ν) = Ψ (℘). We may suppose, without loss of generality, that
hence a small enough neighbourhood U 0 of z 0 could be introduced such that part (B) of lemma 36, resp. of lemma 37 may now be applied, with (U 0 , Ψ • γ| U 0 ) and (U, Ψ • γ) instead of (U 0 , β) and (U, γ) respectively. Hence we get the conclusion that the Riemann surface
is such that τ ∈ π ′ S ′ . On the other side, Q ′ P and the Riemann surface
is a subset of M , hence, by lemma 6, there exists a holomorphic function h : S ′′ −→ S such that π • h = π ′′ ; thus τ ∈ π S , proving that π S is closed.
(b): ℘ ∈ D; we can set up a neighbourhood Z of p and a coordinate system Ψ : Z −→ C 2 u,v , with, by definition, Z = Ψ(Z); we can also find holomorphic functions E, F, G, H on Z, with E and H never vanishing such that there holds:
we may now apply lemma 38, part (A) to Λ (u, v): in the following, the meaning of symbols is the same introduced in that lemma: recall in particular that P is a suitable neighbourhood of (µ, ν) = Ψ (℘). We may suppose, without loss of generality, that
hence a small enough neighbourhood U 0 of z 0 could be introduced such that part (B) of lemma 38 may now be applied, with (U 0 , Ψ • γ| U 0 ) and (U, Ψ • γ) instead of (U 0 , β) and (U, γ) respectively. Hence we get the conclusion that the Riemann surface
On the other side, Q ′ P and the Riemann surface
Apart from minor details the proof of the following theorem is analogous, hence will be omitted. The Cauchy-Kowaleski theorem holds for partial differential equations in the complex domain too (see [GAR] ), hence the p.d.e.
in the unknown function f admits a holomorphic solution in a bidisc W around ℘; maybe restricting W , we may suppose that f is never vanishing on W . Now the function
is easily seen to be a primitive of f ω, q.e.d.
Lemma 43 Now we can find a simply connected neighbourhood W of 0 such that G is holomorphic in W , vanishing at v = 0, because so does du(v)/dv: we may suppose, without loss of generality, that the order of vanishing is even (otherwise set w 2 = v), hence there exists a function F , holomorphic in W , such that F 2 = G.
Let A be the square root of K such that
if L is so large that v • β(z L ) ∈ W , we may apply lemma 35, with -z L instead of z 0 ;
-v • β instead of β, so τ ∈ π S , proving that π S is closed.
The methods used in the preceding part of this section may be readily extended to the three dimensional case (indeed the use of double-null coordinates may be given up), hence 
